Abstract. The Calogero model is a one-dimensional quantum integrable system with inverse-square long-range interactions confined in an external harmonic well. It shares the same algebraic structure with the Sutherland model, which is also a one-dimensional quantum integrable system with inverse-sine-square interactions. Inspired by the Rodrigues formula for the Jack polynomials, which form the orthogonal basis of the Sutherland model, recently found by Lapointe and Vinet, we construct the Rodrigues formula for the Hi-Jack (hidden-Jack) polynomials that form the orthogonal basis of the Calogero model.
where the constants N, a and ω are the particle number, the coupling parameter and the strength of the external harmonic well, respectively. The momentum operator p j is given by a differential operator, p j = −i ∂ ∂x j
. Throughout the paper, we set the Planck constant at unity,h = 1. This model is known to be a quantum integrable system in the sense that it has sufficient number of independent and mutually commuting conserved operators [2] [3] [4] [5] [6] . On the other hand, the Sutherland model [7] , which is also a one-dimensional quantum integrable system with inverse-sine-square interactions,
has been thoroughly investigated and its orthogonal basis is known to consist of the Jack symmetric polynomials [8] [9] [10] . The well investigated properties of the Jack polynomials made it possible to exactly calculate correlation functions of the Sutherland model [11] [12] [13] [14] . On the other hand, the orthogonal basis of the Calogero model was not familiar with theoretical physicists. Thus we wanted to identify the orthogonal basis of the Calogero model that must play an important role in calculation of various correlation functions of the Calogero model. In order to identify the orthogonal basis of the Calogero model, we have been applying a naive approach which we use in the study of the hydrogen atom. We have been investigating the simultaneous eigenfunction for all the conserved operators of the Calogero model that should be a deformed multivariable extension of the Hermite polynomial [15] . For the Calogero model, some ways of algebraic construction of the energy eigenfunctions are known [3, 4, 16, 17] . Taking linear combinations of algebraically constructed energy eigenfunctions [3, 4] , we tried to make simultaneous eigenfunctions for the conserved operators [15] , though the method was not a practical way to deal with general cases. The crucial hints for us are the common algebraic structure for the Calogero and the Sutherland models and the Rodrigues formula for the Jack polynomials recently found by Lapointe and Vinet [18, 19] . The quantum Lax formulation and the Dunkl operator [20] (exchange operator) formulation showed that these two models have the same algebraic structure [2] [3] [4] [5] [6] [21] [22] [23] [24] . The fact strongly suggests some similarity in the structures of their Hilbert spaces. Because of the common algebraic structure that the Calogero model and the Sutherland model share, the simultaneous eigenfunctions must be similar to the Jack polynomials. Thus we call the unidentified simultaneous eigenfunctions of the Calogero model Hi-Jack (hidden-Jack) polynomials [25] [26] [27] . We shall extend the method Lapointe and Vinet developed to construct the Rodrigues formula for the Jack polynomials [18, 19] to the quantum Calogero model and derive the Rodrigues formula for the Hi-Jack polynomials [25, 26] . We shall study some properties of the Hi-Jack polynomials such as integrality, triangularity and orthogonality. We shall also study the relationships and similarities between the Jack polynomials and the Hi-Jack polynomials [26, 27] .
First, we formulate the Dunkl operator formulation for the Calogero model. The ground state wave function is the real Laughlin wave function:
A short note might be in order. The phase of the difference product of the above real Laughlin wave function, which determines the statistics of the particles, or in other words, the symmetry of all the eigenfunctions, can be arbitrary. We can assign any phase factor to the exchanges of particles. However, we must introduce a phase factor to the definition of the Dunkl operators [6] . To avoid unnecessary complexity, we fix the phase at unity. The eigenfunction of the Calogero model is fatorized into an inhomogeneous symmetric polynomial and the ground state wave function. For convenience of investigations on the inhomogeneous symmetric polynomials, we introduce a notation. Any operator with a hatÔ is related to an operator O by the similarity transformation using the ground state wave functionφ g ,
The above similarity transformation removes the action on the ground state wave function (3) from any operator with hatÔ. The Dunkl operators for the model are given by
where K lk is the coordinate exchange operator. The operator K lk has the properties
where A j is either a partial differential operator ∂ ∂x j (or equivalently, a momentum operator p j ), a particle coordinate x j or coordinate exchange operators K jk , k = 1, 2, · · · , N, k = j. The above properties of the coordinate exchange operator are also expressed as the action on a multivariable function:
Note that the action on the ground state of the above Dunkl operators has already been removed by the similarity transformation (4), and hence they are operators without hat. Commutation relations among the Dunkl operators and the action of α l on 1 are
We should remark that the above relations do not explicitly depend on the parameter ω. As we have mentioned, the phase factor of the difference product part of the ground state wave function can be arbitrary. This phase factor affects the definition of the Dunkl operators and coordinate exchange operators with hat, i.e.,α l ,α † l ,d l andK lk . We may introduce a phase factor in the defining relations of the coordinate exchange operators (6) and the commutation relations of the Dunkl operators (8) with hat [6] . This modification is naturally introduced by the inverse of the similarity transformation (4b) of the Dunkl operators without hat (5) .
A set of mutually commuting conserved operators of the Calogero model {I n |n = 1, 2, · · · , N} is given by
where the symbol Sym means that the operand is restricted to symmetric functions [26] .
The Hamiltonian H C , which is related to the original Calogero Hamiltonian (1) by eq. (4), is equal to ωI 1 + E g . From now on, we regard the first conserved operator I 1 as the Hamiltonian of the Calogero model. Next, we formulate the Dunkl operator formulation for the Sutherland model. By the change of the variables,
the Hamiltonian of the Sutherland model (2) is transformed tõ
where
The ground state wave function and the ground state energy for the above Hamiltonian (11) arẽ
In a similar way to the similarity transformation for the operators related to the Calogero model, we introduce a similarity transformation for the operators related to the Sutherland model using the above ground state wave function (12) . The similarity transformation of the above Hamiltonian yields
This operator will be derived from the Dunkl operators for the Sutherland model.
The Dunkl operators for the Sutherland model, whose action on the ground state (12) is removed in a similar way to deal with the Dunkl operators for the Calogero model, are
These Dunkl operators satisfies the following relations,
which are completely the same as those of Dunkl operators for the Calogero model (8).
Commuting conserved operators are also written in a similar way to eq. (9) by the Dunkl operator as
The Hamiltonian (14) corresponds to the second conserved operator, H S − ǫ g = 2I 2 .
Comparing the two Dunkl operator formulations, we notice the correspondence between the two sets of Dunkl operators:
This correspondence exhibits the fact that the Calogero and the Sutherland models share a common algebraic structure. Moreover, when we identify z l with x l , l = 1, · · · , N, the Dunkl operators for the Calogero model reduce to those for the Sutherland model in the limit ω → ∞. Thus our theory for the Hi-Jack symmetric polynomials described by the Dunkl operators for the Calogero model is a one-parameter deformation of the theory for the Jack symmetric polynomials written by the Dunkl operators for the Sutherland model. Now we introduce the Hi-Jack polynomials. Symmetric polynomials with N variables are labeled by the Young tableaux Y N . A Young tableau, λ ∈ Y N , is a set of N nonnegative integers arranged in non-increasing order,
We sometimes use a compact notation for the Young tableaux, for example, (3 3 , 2 4 , 1) = (3, 3, 3, 2, 2, 2, 2, 1, 0, · · · , 0). As a basis of the symmetric polynomials, we often use the monomial symmetric polynomials, or in other words, symmetrized monomials m λ defined by
Note that the summation over S N is performed so that any monomial in the summand appears only once. We denote the Jack polynomial and the Hi-Jack polynomial that are labeled by a Young tableau λ by J λ (x; 1/a) and j λ (x; ω, 1/a) respectively, where
. Following a definition of the Jack symmetric polynomials J λ (x; 1/a), we define the Hi-Jack symmetric polynomials j λ (x; ω, 1/a) by
where |λ| is the weight of the Young tableau, |λ| = 
Note that the dominance order is not a total order but a partial order. Thus sometimes we cannot define the dominance order between some pair of the Young tableaux, e.g. (3, 1 3 ) and (2 3 ). The first two formulae of the above definition mean that the Hi-Jack polynomials are simultaneous eigenfunctions for the first two conserved operators of the Calogero model. The third formula is called the triangularity, which means that only the monomial symmetric polynomials labeled by the Young tableaux µ satisfying µ D ≤λ or |µ| < |λ| appear in the expansion of the Hi-Jack polynomials with respect to the monomial symmetric polynomials. The fourth one specifies the normalization.
Triangularity of the Hi-Jack polynomials with respect to the dominance order plays an essential role in the unique identification of the Hi-Jack polynomials. Since the eigenvalues for only the first two out of the N commuting conserved operators are given, an eigenfunction cannot be uniquely identified by the two eigenvalues because of remaining degeneracy. For example, the two Young tableaux (3, 1
3 ) and (2 3 ) give the same first two eigenvalues:
However, we cannot define the dominance order between the two Young tableaux, as we have mentioned before. Generally speaking, we cannot define the dominance order between any pair of distinct Young tableaux λ and µ that share the common first two eigenvalues, E 1 (λ) = E 1 (µ) and E 2 (λ) = E 2 (µ) [27] . So combining the eigenvalues and triangularity, we can uniquely identify the Hi-Jack polynomials.
In order to write down the Rodrigues formula for the Hi-Jack polynomials, it is convenient to introduce the following operators,
where J is a subset of a set {1, 2, · · · , N} whose number of elements |J| is equal to k, J ⊆ {1, 2, · · · , N}, |J| = k. From eq. (8c), we can verify an identity,
where m is some integer. The symbol J Sym where J is some set of integers means that the operands are restricted to the space that is symmetric with respect to the exchanges of any indices in the set J. This identity (25) guarantees that the operator d m,J does not depend on the order of the elements of a set J when it acts on symmetric functions. The raising operators of the Hi-Jack polynomials are expressed as
Using the raising operators (26), we can express the Rodrigues formula for the Hi-Jack polynomials j λ (x; ω, 1/a) as
with the normalization constant C λ given by
In the above expression, the symbol (β) n is the Pochhammer symbol, that is, (β) n = β(β + 1) · · · (β + n − 1), (β) 0 def = 1. We proved that the symmetric polynomials generated by the Rodrigues formula (27) satisfy the definition of the Hi-Jack symmetric polynomials (21) [26] .
The first seven Hi-Jack polynomials are given as follows:
The explicit forms show the fact that the Hi-Jack polynomial is a one-parameter deformation of the Jack polynomial,
This has been clarified in the discussion of the common algebraic structure of the Calogero and the Sutherland models. Note that the top weight monomial symmetric polynomials in the expansion of the Hi-Jack polynomials j λ (x; ω, 1/a) form the Jack polynomials of the same Young tableau J λ (x; 1/a). This is because increasing the order of 1/2ω by one causes decreasing of the weight by two in the expansion (21c). We can also observe the triangularity. Besides the above properties, we notice that all the expansion coefficients are polynomials of a and 1/2ω with integer coefficients. This observation generally holds. The expansion coefficients multiplied by the normalization constant of the Hi-Jack polynomials C λ w λµ (a, 1/2ω) are polynomials of a and 1/2ω with integer coefficients, which is called integrality. This property is analogous to that stated by the Macdonald-Stanley conjecture for the Jack polynomials [9, 10, 19] . While the Hi-Jack polynomial is a one-parameter deformation of the Jack polynomial, we can get the Hi-Jack polynomial from the Jack polynomial by the following formula:
Equation (32) gives another relationship between the Jack polynomials and the Hi-Jack polynomials.
We have introduced the Hi-Jack polynomials as the simultaneous eigenfunctions for the first two commuting conserved operators with the triangularity. As we shall see shortly, they are non-degenerate simultaneous eigenfunctions for all the commuting conserved operators of the Calogero model. From a calculation of the action of d l operator on a symmetrized monomial of α †
, we can prove the following expression:
This means that operation of the conserved operators on the Hi-Jack polynomials keeps their triangularity. Since the n-th conserved operator commutes with the first and second conserved operators, [I 1 , I n ] = [I 2 , I n ] = 0, we can easily verify,
Equations (34a), (34b) and (33) for I n j λ are respectively the same as eqs. (21a), (21b) and (21c) for the Hi-Jack polynomial j λ , which means I n j λ satisfies the definition of the Hi-Jack polynomial (21) except for normalization. Our definition of the Hi-Jack polynomials (21) uniquely specifies the Hi-Jack polynomial. So we conclude that I n j λ must coincide with j λ up to normalization. Thus we confirm that the Hi-Jack polynomials j λ simultaneously diagonalize all the commuting conserved operators I n , n = 1, · · · , N. The eigenvalues of the conserved operators,
are generally polynomials of the coupling parameter a:
It is easy to get the constant term e (0) n (λ) because the term corresponds to the n-th eigenvalue for N free bosons confined in an external harmonic well:
It is clear that there is no degeneracy in the constant terms of the eigenvalues {e n (λ)|n = 1, · · · , N}. Since the conserved operators I n are hermitian operators concerning the inner product,
the Hi-Jack polynomials are the orthogonal symmetric polynomials with respect to the above inner product. From the explicit form of the weight function,
we conclude that the Hi-Jack polynomial is a multivariable generalization of the Hermite polynomial. Let us summarize our study and comment on some future problems. Motivated by the success of the Jack polynomials that form the orthogonal basis of the Sutherland model in the calculations of correlation functions of the Sutherland model [11] [12] [13] [14] , we have tried to identify the orthogonal basis of the Calogero model [15, [25] [26] [27] . Based on the fact that the Calogero model has a set of mutually commuting conserved operators [2] [3] [4] [5] [6] , we have tried to construct the simultaneous eigenfunctions for all the conserved operators of the Calogero model that must form the orthogonal basis of the model. Since the Calogero and the Sutherland models share the common algebraic structure, it is natural to introduce the Hi-Jack symmetric polynomials in a similar way to a definition of the Jack polynomials [25, 26] . Through their Rodrigues formula that is an extension of the Rodrigues formula for the Jack symmetric polynomials discovered by Lapointe and Vinet [18, 19] , we have clarified that the Hi-Jack polynomials are the desired simultaneous eigenfunctions of the Calogero model and hence form the orthogonal basis of the Calogero model [26, 27] . Some properties of the Hi-Jack polynomials such as integrality, triangularity and relationships with the Jack polynomials are also observed.
From the explicit form of the weight function of the inner product, we have concluded that the Hi-Jack polynomial is a multivariable generalization of the Hermite polynomial. According to recent preprints [28] [29] [30] , the generalized Hermite polynomials were also introduced by Lasselle [31] and by Macdonald in an unpublished manuscript. They defined the generalized Hermite polynomials as orthogonal symmetric polynomials with respect to the inner product (38) . On the other hand, our definition specifies the Hi-Jack polynomials, or in other words, the generalized Hermite polynomials, as the simultaneous eigenfunctions for the commuting conserved operators of the Calogero model, which are natural objects for physicists' interest.
Some progresses related to our results were reported recently [28] [29] [30] . Multivariable generalizations of the classical Laguerre and Jacobi polynomials, which form the orthogonal basis of Calogero models associated with root lattices other than A N −1 [32] , were studied. Their non-symmetric extensions, which describe the spin or multi-component generalizations of Calogero models, were also reported. Further investigations on these orthogonal polynomials must be important for the study of Green functions and correlation functions of Calogero models, which was done for the Sutherland model with the help of the properties of the Jack polynomials [11] [12] [13] [14] . The quantum Lax formulation and the Dunkl operator formulation for the Calogero and Sutherland models revealed their W -symmetry and the Yangian symmetry structures [4, 5, [21] [22] [23] [24] . It is interesting to study the orthogonal polynomials from the viewpoint of representation theory of such symmetries. As examples of such studies, we should note that the Jack polynomials were identified with the singular vectors of the Virasoro and W N -algebras [33, 34] . The Macdonald polynomials [10] and their generalizations, which are q-deformations of the orthogonal symmetric polynomials, are also interesting topics. The Macdonald polynomials are associated with the discretization, or in other words, the relativistic generalization of the Sutherland model [35] . The Rodrigues formula for the Macdonald polynomials was given [36] [37] [38] [39] [40] . Further studies on the continuous Hahn polynomials [41] which are associated with the relativistic or discretized Calogero model [42] and more generalized q-deformed orthogonal polynomials such as BC N -Askey-Wilson polynomials [43] related to the discretized Calogero model associated with root lattices of BC N -type [44] are interesting. We expect to report some progresses in these directions in the near future.
